The outline of the paper is as follows. In the first two sections we make several definitions and give some simple results (with proofs mainly left to the reader) on Lip(M) and Lip-spaces. In the third section we state our main theorem on the relation between metric spaces and Lip-spaces, and prove the easy parts of it. The fourth section contains two theorems on the normed vector lattice structure of Lip(Af), and in the fifth section we prove that every Lip-space is isomorphic to Lip(M) for some M. The hard parts of our main theorem are proven in § §IV and V.
We assume some familiarity with vector lattices; standard facts will be referred to [3] . Also see [1] for basic material on complete distributivity. This material is based upon work supported under a National Science Foundation graduate fellowship.
I. Throughout the paper, 3B a {X) will denote the closed ball of radius a about the origin in a normed vector space X.
Let M and N be metric spaces. A Lipschitz function f\ M -> N is a map for which there exists a constant k e R+ such that
p(f(p),f(q)) < k p(p, q) for all p, q e M. We define L(f)
to equal the least such k. Lip(Af) is defined as the set of all bounded real-valued Lipschitz functions x: M -• R and is given the norm Lip(M) is a Banach space under || ||, and it has a vector lattice structure with meet and join defined pointwise. Under this structure any norm-bounded set has a join, still taken pointwise, which satisfies (*) of the introduction. This implies that the closed unit ball £$\ (Lip(Af)) is lattice-complete, in fact a complete sublattice (i.e. a subset closed under V an d Λ) of the set of all functions M -• [-1, 1] c R. As [-1,1] is completely distributive and this property is preserved by products and complete sublattices, it follows that ^(Lip(Af)) is completely distributive.
If M is any metric space, let M 1 be the space M remetrized by
Then Lip(Af) and Lip(Λf / ) are identical (same elements, same operations, same norm). Also, if M is the completion of M then Lip(Af) and Lip(Af) are isometrically isomorphic, including latticeisomorphic. Therefore we restrict attention to the class Jf^ of complete metric spaces with diameter < 2. II. Let a Lip-space be a vector lattice X equipped with a vector space norm such that the closed unit ball 3S\ (X) is lattice-complete and completely distributive.
This generalizes the properties of Lip(M) it should become clear in §111 that this level of abstraction is appropriate.
In a Lip-space every norm-bounded set {x a } has a join and a meet, both of norm < sup{||x α ||}. PROPOSITION 
Every Lip-space is norm-complete.
Proof. Let X be a Lip-space. First let (x;) c X be a sequence such that Σ ||#i 11 < °° an d each x ; > 0; we will show that Σ */ exists. Let s n = x\ + + x n since ||s Λ || < £ ||x/|| for each n, x = \Jf s n exists. Because the sequence (s π ) is increasing, * = VΓ 5 and as the last sum goes to zero as k -• oo, we have X)^ = x. To show that the norm is complete, we must show that Σ Xι exists for an arbitrary sequence (x z ) c X such that ΣIWI -°° ^n ^s case let x^ = JC, V 0 and xj~ = (-JC/) V 0 for all / then x t = c^ -jcf ([3, p. 57]). Now xf > 0 and ||xf|| < ||x/||, so by the above both y = Σ ** and z = Σ ^Γ exist. Setting Λ: = y -z, we then have The usual vector lattice notions of normal homomorphism and band have to be modified here because of the existence of a norm and the special role of norm-bounded joins and meets. Thus, we let a seminormal homomorphism of Lip-spaces be a bounded linear map φ: X -> Y which preserves constants and norm-bounded joins. An isomorphism of Lip-spaces is a seminormal homomorphism which is a (not necessarily isometric or onto) Banach space isomorphism. By the open mapping theorem, it is enough for φ to be a 1-1 seminormal homomorphism with norm-closed range. A semiband of a Lip-space X is a linear subspace Y which is closed under norm-bounded joins and such that (y eY and \x\ < \y\) imply x e Y.
By essentially a standard argument ([3, pp. 101-103]), every semiband is the kernel of a seminormal homomorphism, and conversely. (The only nonstandard aspect of this argument appears in the forward direction when we must endow X/ Y with a norm. Here it is enough to verify that Y is norm-closed; but Y is naturally a Lip-space, so this result follows from Proposition 1.) In the above definitions, the clauses concerning norm-bounded joins imply similar conditions on norm-bounded meets by the law -\J χ a =
M-Xa)
We also define a sub-Lip-space of a Lip-space X to be a linear subspace Y which contains the constants and is equipped with a norm such that £&\(Y) is a complete sublattice of 3 §\{X) which contains C\ (the greatest element of &\ (X)). It is clear that Y is itself a Lip-space whose constants are the same as those of X. However, the norm on Y need not be the restriction to Y of the norm on X.
III. We already have a way of going from a metric space M to a Lip-space Liρ(Af). Conversely, if X is a Lip-space let its dual metric space be the set X" of all seminormal homomorphisms X -• R, with metric inherited from the Banach space dual X*. Since every seminormal homomorphism X -• R sends 3&\{X) C [c_i, C\\ into [-1, 1], they all belong to 3B\{X*) and hence the distance between any two is < 2. Also, X" is complete: any Cauchy sequence (p n ) in X~ has a limit p in X* which evidently preserves constants; and if {x a } c 3 § a {X) and \p -p n \ < ε, then Lipschitz then we have a natural map f*\ Lip(iV) -* Lip(Λf) given by f*{x) = x°f, and if X and Y are Lip-spaces and 0: X -> y is a seminormal homomorphism, then we have a natural map 0*: 7" -» X" given by φ*(p) = P ° φ. We can now state our main results. 
is onto then φ* is bi-Lipschitz, and (iii) if φ is 1-1 then φ*(Y~) is dense in X~.
In parts (c)(i) and (d)(i), the norm of a seminormal homomorphism is just taken to be its usual norm as a map between Banach spaces.
We make some observations on this theorem. First, it yields a complete classification of Lip-spaces up to isomorphism. By (b) every Lip-space is isomorphic to Lip(M) for some M e J?^ , and by (c) and (d) Lip(Af) is isomorphic to Lip(iV) iff there is a bi-Lipschitz map from M onto N, for bi-Lipschitz plus dense range clearly implies onto. We also see that the Lip-spaces are precisely those normed vector lattices which are isomorphic to Lip(Af) for some M.
In part (b) τ is generally not an isometry. Indeed, it is easy to construct a two-dimensional Lip-space X which provides a counterexample. The existence of such an X also implies that the inequality in part (d)(i) need not be an equality: for in this case φ = τ~ι is not an isometry, hence ||τ"
x || > 1, while (τ" 1 )* = (τ*)" 1 is an isometry by part (a), hence L((τ~1)*) = 1.
However, if X = Lip(Af) for some M e ^^ , then X is indeed isometrically isomorphic to Lip(X~) since X~ is isometric to M by part (a). It follows that, in part (d)(i), if also Y = Lip(JV) for some NeJfM, then max(l, L(φ*)) = \\φ»\\ = \\φ\\ by part (c)(i) and the fact that X is isometric to Lip(X~) and Y is isometric to Lip(7~).
Several parts of this theorem can be proven immediately: (c)(i). The only nontrivial part is determining \\ft\\ of course, this calculation implies that f* is bounded. Assume / is nonconstant; the constant case is trivial.
For any x e Lip(iV), ||/*(x)||oo = \\x ° /|U < ||x|U and . Part (a) will be proven in the next section, and the other two parts will be the content of the last section.
IV. THEOREM 1. Let ¥E/ (2) and let Y be a semiband in Lip(Af).
Then there is a closed subspace M' c M such that Y consists of precisely those elements of Lip(Af) which are zero on M' that is, Y = ker u, where i: M' -• M is the inclusion map.
Proof. Let x be the largest element of Y of norm < 1 then x > \x\ so x is positive, i.e. x{p) > 0 for all p e M. Define Also, for /? < α, p{Pβ,p a +\) > 0 since p^ = p a +\ would imply x(pβ) = x(p a+ ι). So (**) is still satisfied after p a +γ has been constructed.
For limit ordinals a, the net {x(Pβ))β <a is decreasing and bounded below, hence is Cauchy; therefore by (**) the net (Pβ)β <a is also Cauchy and we may define p a to be its limit. In this case, for any β < a the first part of (**) is satisfied by continuity and the satisfaction of the second part is clear.
Since the numbers x(p a ) are strictly decreasing, the construction must stop eventually, but the only way this can happen is if x(pa 0 ) = 0 for some αo I n summary, under the assumption that x(po) < 1 we have proven that 
Here 0χ, and lχ, are the least and greatest elements of L, respectively. Proof. The proof proceeds in four steps. In steps 1-3 we fix an element w ^ 0 in 3&\{X).
Step 1. There exist elements y n , z n (n e N) in 3S\{X) such that y x = w and z\ = c\ and with the properties Then by (t), w < c\j n + (l/n + \\w\\)w' for all n, hence a contradiction.
Step 4. Proof of Theorem. Let x e X and suppose a > 0 is such that x ^ c α . Let w = (x-c α )/||x-c Λ || then we can find a seminormal We have seen that τ is 1-1, so define a norm ||| ||| on τ{X) by HI τ (χ) |||= ||,χ||. With this norm τ(X) is a sub-Lip-space of Lip(X~) which satisfies the condition of Theorem 2. We conclude that τ is onto and ||x|| =||| τ{x) \\\< 3||τ(x)|| for any x e X. As τ is clearly a seminormal homomorphism, the proof is complete. 
